COHOMOLOGICAL PROPERTIES OF NON-STANDARD 
MULTIGRADED MODULES 

GEMMA COLOME-NIN AND JUAN ELIAS 

Abstract. In this paper we study some cohomological properties of non-standard 
multigraded modules and Veronese transforms of them. Among others numerical 
characters, we study the generalized depth of a module and we see that it is invariant 
by taking a Veronese transform. We prove some vanishing theorems for the local 
cohomology modules of a multigraded module; as a corollary of these results we get 
that the depth of a Veronese module is asymptotically constant. 



Introduction 

In commutative algebra, graded modules are object of study for many authors as 
well as standard multigraded ones. For graded modules it has been studied also the 
non-standard case, however then non-standard multigraded study is not so common. 
A general reference on the subject could be [5]. 

Along this paper S is a non-standard N r -graded S'o-algebra finitely generated by 
elements of multidegrees 7, = (7}, . . . , 7*, . . . , 0) G N r , with 7? ^ 0, for i — 1, . . . , r. 
For some of the results in the second part of the paper, we need to restrict our setting 
to the almost-standard case, which is with positive multiples of the canonical basis of 
ir£ as a multidegrees of the generators. 

The main purpose of this paper is to study some cohomological properties of multi- 
graded ^-modules and, in particular, of the Veronese modules associated to a non- 
standard multigraded S'-module M. We mainly study the vanishing of the local coho- 
mology modules of M and of Veronese modules of M, generalizing some results on the 
depth of Veronese modules associated to Rees algebras proved in [3]. 

In the section 1 we extend several results on homogeneous ideals of Z-graded rings to 
homogeneous ideals of non-standard Z7-graded rings, Proposition 11.11 By considering 
the multigraded scheme Proj r (5') we define the projective Cohen-Macaulay deviation 
of a multigraded modules and we link this number with the generalized depth, studied 
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by Brodmann and Faltings (see pQ and [3]), Theorem II .31 As a corollary we prove that 
the generalized depth remains invariant by taking Veronese modules, Proposition 11.41 

In the first part of section two we prove, under the general hypothesis on the degrees 
of S, that the depth of the Veronese modules M® is constant for special asymptotic 
values of b, Proposition 12. 11 In the second part of the section we extend to a non- 
standard framework the notion of finitely generation, [10] . Under some special degrees 
of S we prove that the generalized depth of a multigraded module coincides with its 
finitely graduation order, Theorem [231 We use it to get that the depth of the Veronese 
modules M^-® is constant for large a,b£ W, Theorem 12.121 and we apply this result 
to the multigraded Rees algebras associated to a finite set of ideals, Proposition 12.151 

See [9] and its reference list for more results on the Cohen- Macaulay and Gorenstein 
property of the multigraded Rees algebras. 

Notations. Along the paper we use the underline to denote a multi-index: a = 
(ai, • • • ,a r ) G Z r . We write \a\ = Y^i=i \ a i\- Given a, b G Z r , a.b is the termwise 
product of a and b, and a > b if, and only if, a, > bi for alH = 1, . . . , r. For all A G Z 
we put A = (A, • • ■ , A) G H . 

Given integral vectors 7$ = . . . , 7*, 0, . . . , 0) G W, i — 1, • ■ • , r, such that 7] ^ 0, 
we denote by the map 

: Z r — ► U 

R 1 — ► YH=i n ili 

notice that Im(4>) = T(7i, • • • , j r ) is the subgroup of Z r generated by 7$, i = 1, • • • , r. 

We will denote by G the r x r triangular matrix whose columns are the vectors 
71, . . . , 7 r . Notice that G is a non-singular matrix and that the multi-index tiji + • • • + 
t r j r is the column vector Gt. 

Given a G W r we denote by 4>a the map 

<pa : Z r — > Z r 

21 1 — > </>a(n) = <f>(n-a), 

with 0a(n) = 0(zi-S) = Si=i( n « a «)7i f° r a U H e 

Let S = ngN r 5^ be a Noetherian N r -graded ring generated as Sg-algebra by ho- 
mogeneous elements gj, j — 1, • ■ • , //j, of multidegree 7; for z = 1, ■ • • , r; the number of 
generators of S is /i = //1 + • • • + [i r . Notice that S = (BnerSn, with r = T(7i, • • • ,j r ). 
We assume that So is a local ring with maximal ideal m and infinite residue field. 

For i = 1, ... ,r, let Ii be the ideal of S generated by the homogeneous components 
of S of multidegrees (d ly . . . , di, 0, . . . , 0) with 7^ 0. We define the irrelevant ideal 
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of S as S++ = I\ ■ ■ ■ I r . As usual we write S + = (Bn^o^n ^ S ++ . Notice that in the 
graded case, i.e. r = 1, these two ideals are the same S + = S ++ . 

The Veronese transform of S with respect to a 6 N* r , or (a)- Veronese, is the ring 

This is a subring of S. The degrees of the generators of have the same triangular 
configuration as the degrees of S. 

Given an S'-graded module M we denote by M^-'-) the Veronese transform of M with 
respect to a, b G N* r , or (a, b) -Veronese, 

M <*» = M UR)+b _. 

This is an S^-module. Notice that in the case of b = (0, . . . , 0) we get the classical 
definition of Veronese of a module. 

Let M be a finitely generated S'-module. By using a similar argument as in [6], 
Lemma 1.13 and Lemma 1.14, see also [5], we can prove that the local cohomology 
functor and the Veronese functor commute 

where M. is the maximal homogeneous ideal of S, i.e. M. = m © S+, and a, b G N* r . 
For the basic properties of local cohomology we use [2] as general reference. 



1. Generalized depth and Veronese modules. 

In this section, we study, in our multigraded setting, some properties of a multigraded 
module and the Veronese transform of a module. These properties allow to us to study 
the generalized depth of a multigraded module and its Veronese. 

Let Proj r (S) be the set of all relevant homogeneous prime ideals on S, which is the 
set of all homogeneous prime ideals p of S such that p S ++ . Notice that p ^) S ++ 
if and only if for each 1 < i < r there exists 1 < < fii such that gj ^ p. Given 
an homogeneous ideal p C S we denote by U the multiplicative closed subset of S 
formed by the homogeneous elements of S \ p; we denote by the set of fractions 
m/s G U^S such that deg(m) = deg(s) G N r ; S( p ) is a local ring with maximal ideal 
pU^SnSfry 
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In the next proposition we prove several results relating properties of non-standard 
Z r -graded rings and modules with their Veronese transforms. 



Proposition 1.1. (i) For all p G Proj r (S') the ring extension 
is faithfully flat with closed fiber k(p). 

(ii) For all a G N* r , the extension c — > S is integral, dim(S'^) = dim(S') and there 
is an homeomorphism of topological spaces 

Proj r (5 (a) ) = Proj r (S). 

For allpe Proj r (S) it holds ht(p (a) ) = ht(p). 

(Hi) Let M be a finitely generated S-module. For all p G Proj r (S) and b G N r ; it 
holds Mgg } = M(b) {p) . 

Proof, (i) Since p jt> S++, for each i G {1, • ■ ■ , r} there exists a generator ^ p, 
1 — — l^i- I n particular G U for all i = 1, ■ ■ • , r. 
Let us consider the ring map 

Lp : S(p)[T!,Ti , • • • ,T r ,T~ ] — > U^S 

defined by <p{Tj) = gf- 1 ' and (p(T^ x ) = (fl^ i = 1, ■ ■ • , r. We will prove that <^ is 
a ring isomorphism. 

Let m/s be a fraction of t/ -1 ^; let D = X][=i A7i, A G N, be the degree of m, and 
let d = $2i=i ^7*' ^« e be the degree of s. We define 

i=i 

Hence, let us consider the identity 

-= -t r 1 . 

s \ s / 

Notice that ft G and that t" 1 = ^(IlLi T t D '~ dl ), so <^ is an epimorphism. 

Let 2 = J^ ngZ r c„T- be an element of the ring S^p^T-f 1 , • ■ ■ ,T r ,T r _1 ] such that 

iK 2 ) = Y^n&i c n\Z=xi9i ) ni = 0, n = (ni, . . . ,n r ). Since c„ G we can write 
Cn = an/bn with deg(a„.) = deg(6„), a„ 6 5 and 6„ ^ p. We write 

n ffl *v = (e ) r----(^ ) r- 
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with (gl^rn . . . ( f f.^yH, G S and {gf^Y^ . . . {gf ] y n n e S \p, i.e. n n , ...,n is > 
and rij 1 , . . . , rij t < 0. 
Now, 

v{z) = V a ^.\ } = 

^ M^)^ 1 • • • (g^ t] )- n - 

and by reducing to a common denominator we get 

d r 
1) 



Now, deg(6) = deg(ey + J2 k =i - n hlh- 
Hence there exist S G U such that, 

E ^u///r T- . . . (s^r* = o. 

We have that if A„ = Sd^gi^)^ ■ ■ ■ {gff s) ) nia ^ 0, then 

s r 

deg(A„) = deg(5) + deg(4) + ^ 

= deg{5) + deg(b) + ^ n i7i . 

k=l i=l 

Since the r x r matrix (71, • • • , 7 r ) is upper triangular and non-singular, the degrees 
deg(An) are different when n ranges Z r . Hence we get An = for all n G 27. 
Let us consider the following identities in 

_an_ <U^Y^ ■ . . (gfV^ _ . . . (gfV^ _ Q 

so z = 0, and hence <£> is a monomorphism. 

Let us consider the multiplicative closed subset W = U~ l S \pU~ 1 S . Then S p = 
W^lU^S], furthermore 

S p = W~ 1 (S(p)[T 1 , Tf 1 , ■ • • ,T r , T r -1 ]). 

From this identity we deduce that the ring extension — > S p is faithfully flat. A 
simply computation shows that the closed fiber of Su,) — ► S p is k(p). 

(ii) First we prove that the ring extension 

S (a) ^ S 

is integral. Let x G S be an element of degree n G U . We write n = Y7i=i &*7i> 
a = ai ■ ■ -a r , and r = (— ; z = 1, ■ • ■ , r). Then it is easy to se that an = (f>a{z), so 
x a G S Ml) = (S^) r _. Hence x is a zero of f(T) = T a - x a G S^[T]. Therefore 5 is 
integral over and then dim(5'^) = dim(S'). 
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Notice that p ~b S++ if and only if p^ = pf]S^ ^ so we can define a continuous 
map 

iff: Proj r (5) — ► Proj r (S^) 

p i — > 

this map is surjective and closed since the the extension S^' <^-» 5" is integral. 

The map ip is injective: let pi,p2 G Proj r (S) such that p± = p\ • ■ Given x G pi, 
by the argument done in (ii) we have 

x a g pi n = pf = pf c p 2 , 

so x G P2, i.e. pi C P2- By the symmetry of the problem we have pi = P2. Hence ip is 
an homeomorphism of topological spaces. 

The identity ht(p < --* ) ) = ht(p) follows from the above homeomorphism. 

(m) Notice that we always have 

<J)CM(%). 

In fact, let m/s be an element of M^ ( 'f^, it means that m G (M(-'-))„ = M^^+b and 
s G (S^n = S^jn) but s ^ p^\ n £ Z r . Since s G \ p ( - } we have that s £ p, so 
m/s G M(fe)(p). 

Let m/s G M(6)( p ) be a fraction such that deg(m) — b = deg(s) = n <E W and 
s p. Since s is an homogeneous element of degree n, we can decompose s in a sum 
of monomials on the generators g\ of S: s = Si + ■ ■ ■ + s t , with deg(sj) = n for all 
i = 1, . . . , t. Since s G S\p, there exist fc £ {1, . . .£} such that Sk 4- P- ^ we write 

i=l j=l 

d\ G N, so 

r / Mi \ 

deg(s fc ) = ra = ^ ( d\\ 7*. 

i=i \j=i J 

Since Sk ^ p, for each coefficient <jj = X^Li ^ there exist a generator g^'^' ^ p. 
Let (Tj,, / G {1, • • • , e}, be such a non-zero coefficients. For each I = 1, • • • , e, let 
Cj ; £ N \ {0} and fo t G N \ {0} be non-negative integers such that 

We put Cj = fi — for all i ^ {ii, • • ■ , z e }. We define 

e 

* = ri(4 (i!) ) c<! * p- 
i=i 
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Since s ^ p is homogeneous, zs p is still homogeneous and then 

r 

deg(zm) - b = deg(zs) = deg(zs k ) = ^ fi a m = ^o((/i, • • • , fr)), 

t=i 

so m/s = (zm)/(zs) G M^. 

□ 

Given an ideal p G Spec (S*) we denote by p* the prime ideal generated by the 
homogeneous elements belonging to p, see [5] section 2. We can relate the depths of 
the localization on a prime p with the localization on p*. 



Proposition 1.2. Let us assume that S is a catenary ring. Let M be a finitely gen- 
erated U -graded S -module. Given an ideal p G Spec (S) such that p ~j) S ++ and 
M p ^ 0, then it holds 

depth(M p ) + 6am(S/p) = depth(M (p * ) ) + dim(S/p*) 

Proof. We put d = dim(S p /p*S p ). From [5], Proposition 1.2.2 and Corollary 1.2.4, 
we have that depth(M p ) = depth(M p *) + d and dim(M p ) = dim(M p ») + d. On the 
other hand, since S is catenary we have dim(S , p ) = dim(S') — dim(S/p) and dim(5 , p «) = 
dim (5) — dim(S/p*). From these identities we get 

depth(Mp) + dim(Syp) = depth(M p .) + d + dim(S') - dim(S , p ) 

= depth(M p .) + d + dim(S) - dim(S>) - d 

= depth(M p .) + dim(S/p*). 

Since the morphism — > S p is faithfully flat with closed fiber k(p) we get, [11] 
Theorem 23.3, that depth(M p *) = depth(M( p *)). From this we get the claim. □ 

Let M be a S*-graded module. We denote by pcmd(M) is the projective Cohen- 
Macaulay deviation of M, i.e. the maximum of 

dim(5'(p)) - depth(M(p)) 

where p G Proj r (S'), see [3]. 

We denote by gdepth(M) the so-called generalized depth of M with respect to the 
homogeneous maximal ideal M. of S, gdepth(M) is the greatest integer k > such 
that 

S ++ Crad(Ann s (W M (M))) 
for all i < k, see [7]. Notice that gdepth(M) > depth(M). 
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In the case of being So a quotient of a regular ring, we can relate these last two 
integers. This relation is crucial in order to prove that the generalized depth of a 
module coincides with the one of its Veronese transform. Next theorem generalizes 
Proposition 2.2. in [8]. 

Theorem 1.3. Let M be a finitely generated S-graded module. If Sq is the quotient of 
a regular ring then 

gdepth(M) = dim(S) - pcmd(M). 

Proof. From jl], Satz 1, (see also [ID] ) we get 

gdepth(M) = min{depth(M p ) + dim(S/p)} 

pes 

with £ = {a | a € Spec (S), a ~b S ++ }. From Proposition II .2\ we get that 

depth(Mp) + dim(S/p) = depth(M (r) ) + dim(S/p*), 
so we can assume that p £ Proj r (S). Therefore we get 

gdepth(M) = min {depth(M (p) ) + dim(S/p)}. 

p€ Proj r (S) 

Since S is catenary dim(S/p) = dim(S) — dim(S( p )), and hence 

gdepth(M) = dim(S) - max pe p ror(5) {dim(S( p )) - depth(M (p) )} 

= dim(S) — pcmd(M). 
Now, we can prove the invariance of gdepth under Veronese transforms: 



□ 



Corollary 1.4. Let us assume that Sp_ is the quotient of a regular ring and let M be a 
finitely generated S-graded module, then it holds 

gdepth(M fey ) = gdepth(M) 

for all a, be N* r . 

Proof. From Theorem 11.31 we get 

gdepth(M ( ^) = dim(S ( ^) - pcmd(M fey ). 

and from Proposition ll.ll (ii). dim(S^) = dim(S). Now, again from Proposition fLTT iii) 
we deduce 

dim(S (a) ) - pcmd(M^) = dim(S) - pcmd(M(6)). 
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Again from Theorem 11.31 gdepth(M(6)) : 
tion of gdepth we have that gdepth(M(5)) 

gdepth(M^) 



= dim (5) — pcmd(M(6)). Using the defini- 
= gdepth(M), and so we get the claim 

= gdepth(M). 

□ 



2. Vanishing theorems and Asymptotic depth of Veronese modules. 

In this section we introduce the generalization, in the multigraded case, of the con- 
cept of fg(M), which in the graded case controls the finitely graduation of the local 
cohomology modules of a graded module M with respect to the maximal homogeneous 
ideal of S. We prove some results on the vanishing of a module and its local cohomol- 
ogy modules and we relate this with the generalized depth. For that goal, we have to 
fit the generalization of fg, that we call T-fg, to the mult igraduat ion. We also study 
the asymptotic depth of Veronese modules. We can prove that this depth is constant 
for (a, 6)-Veronese modules for a, b in suitable asymptotic regions of N r by using the 
previous work done in the paper. 

We want to study the depth of the Veronese modules M^-'-) for large values a,b£ W. 
Under the hypothesis on the multidegrees of this paper we can prove the following 
results by considering some Veronese modules. 

We denote by vad(M^) (resp. vad(M^*'*')) the Veronese asymptotic depth of M, 
that means the maximum of depth(M^) (resp. depth(M^)) for all a G W r (resp. 
for all a,beW r ). 

Proposition 2.1. Let s = vad(M^). There exists a = (ai, . . . , a r ) G N* r such that 
for all b G {(Aiai, . . . , X r a r ) \ Aj G N*} 

depth (M®) = s 

is constant. 

Proof. Let s = vad(M^), this means that there exist an a G N* r such that 
for i = 0, . . . , s — 1. 

Let us consider b G {(Aiai, . . . , X r a r ) \ A, G N*} = {X-a \ X G N* r }. Then for all 
n G Z r , since 0&(n) = 4>(b-n) = 4>(a-X-n) = <pa{X-n), we have that 

fli,tt,(M®) a = H* M (M) Mll) = W M {M)^. rA) = H^M^ = 
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for i = 0, ...,s — 1. From this, we deduce that depth(M®) > s, but s was the 
maximum. Therefore, 

depth (M®) = s 

for all 6 G {(Aiai, . . . , A r a r ) | A* G N*}. □ 

Let us consider the multigraded Rees algebra associated to ideals I%,...,I r in a 
Noetherian local ring (R, m) , 

K(h, . . . , i r ) = j^tt • • • j^t;" c R[T u ...,T r }. 

new 

Proposition 2.2. Let s = vad(JZ(h, . . . , I r )^)- There exists a = (at, . . . , a r ) G N* r 
such that for all b G {(Aiai, . . . , X r a r ) \ Aj G N*} 

depth(^(/ 1 6l ,...,/ r 6r )) = s. 

Moreover, if depth(7£(/i, . . . , I r )) = s, then 

depth(n(I b 1 \...,I^)) = s 

is constant for all b G N* r . 

Proof. Notice that the multigraded Rees algebra has a standard graduation and hence, 
for a = (ai, . . . , a r ), 

n{r 1 \...j a /) = n{i l) ...j r )^ 

and then the claim is a consequence of the previous proposition. The second statement 
follows from the first one by considering a=(l,...,l). □ 

We would like to extend the previous results on the asymptotic depth of the Veronese 
modules to regions of N r instead of some nets there. First we have to study the 
vanishing of the local cohomology modules of a multigraded module M. 

A cone Cp C N r with vertex at (3 G N r with respect to ji, . . . , j r is a region of N r 
whose points are of the form (3 + YH=i ^i7* e ^ r Aj G M> for i = 1, . . . , r. 

Given n = (ni, . . . ,n r ) G 717 we denote n* = (|ni|, . . . , \n r \) G N r . 

If M be a finitely generated Z r -graded S'-module generators h±, . . . , h s of multidegrees 
d 1 = (d\, . . . , dl), . . . , d s = (d\, . . . , df) G II respectively then we denote by T M the T- 
invariant subset of Z r 

s 
i=l 

i.e. Z r \ V m is the set of multi-index for which there is no non-zero elements of M. 
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Lemma 2.3. For all (3 G Z r and c G N there exists a&F M such that a > c = (c, ■ • • , c) 
and a G (3 + T. 

Proo/. The condition a G (p + T) n (d 1 + T) can be translated to the equation 

a = d 1 + Gt = (3 + Gn, 

so 

n = t + CT 1 (d 1 -0). 

Hence for a t we get that n > 0, so a G Tm H (/3 + T) and a>c. □ 

Proposition 2.4. Let M be a finitely generated 27 -graded S-module such that S ++ C 
rad(Anris(M)) . Then there exists (3 = (Pi, . . . , P r ) G T M such that M„ = 0, for all 
n G Z r such that n* G Cp. 

Proof. We prove the result first assuming that M is N r generated, i.e. we as- 
sume that hi,...,h s are the generators of the S'-module M with multidegrees 
(d\, . . . ,d\), . . . , (d\, . . . ,d s r ) G N r respectively. Let a = (cti, . . . , a r ) G U be the maxi- 
mum componentwise of these multidegrees, i.e. a, = max{o^, • • • , d\\, i = 1, • • • , r. 

The elements of M„, n G N r , are linear combinations with coefficients on So of 
elements of the type 

mi „ m rU 

£h_ — • • • 9r_ — n> j 

where, using multiindex notation, g^- = (gj) m t ■ ■ ■ (gf*)"^* with m t = (ml, . . . , mf ) G 
N^* . This element has multidegree 

/ \mi\ \ / d? r 
n = deg(g 1 ^...g L ^h,) = Gl \ + i 

V \mr\ I \d? T 

Let u be a non-negative integer such that (S ++ ) U M = 0. We define P recursively: 

Pi = ujj + P i+ iil +1 + ■■■ + Prli + a t 

for i — r, ■ ■ ■ ,1. 

Given a multi- index n — P + YH=i ^»7t fl Tnj, Aj > 0, we have to prove that 

Mn = 0. This is equivalent to prove that if 




then \mi\ > u + Ai, • • • , \m r \ > u + A r . 
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We will prove by recurrence a stronger result: 

A + Aj > \rrii\ > u + Aj 
for i = 1, • • • , r. From the definition of (3 r = wy r r + QV and 

(3 r + A r 7^ = \m r \jl + df 

we deduce 

7^ (|mr| — (u + A r )) = a r — (if. > 0. 

Since 7^ > 1 we get 

\ m r \ > u + A r . 

On the other hand 

/3 r + Xr ~ \mr\ = < + (7r ~ l)(|rrvj - Ar) > 

Let us assume that j3 T + A r > \ m r \ > u + X r , ■ • ■ , (3 i+ i + X i+ \ > |m i+1 | > u + Aj+i we 
will prove that A + Aj > |m;| > it + Aj, i > 1. We have 

A + Ai7- + A i+ i 7 i + 1 + • • • + Vy< = + \nh±iH +1 + ■■■ + Kl7[ + 4 

so 

r 

jl(u + A, - K|) + t!(A + A* - H) + oii - d{ = 0. 

l=i+l 

By induction we deduce 

\ mj \ >u + Xi. 

A simple computation shows that 

r 

Pi + Xi- \m\ = ( 7 1 - - Xi) + ^ 7 -(KI - A/) + > o. 

l=i+l 

Hence we have proved that M„ = for all naCp. 

Let us assume now that M is generated by hi,...,h s with multidegrees 
(d\, . . . , dl), . . . , (df , . . . , d s r ) G 17 respectively Let c = | min{0, d\ , j = 1, • • • , s, i = 
1, • • • ,r}\. Let iV be the following submodule of M: 

iV = 0M„ 

From Lemma 12.31 there is a G Tm such that a>c and a G V m H {/3{N) + T). Since 
C a C C« and a > c we get that M n = for all n G Z r and n* G Ca. □ 
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Corollary 2.5. Let M be a finitely generated Z r -graded S-module and N C M a 
submodule. We assume that (S ++ ) U (M/N) = for u G Z. Then there exists [3 G Tm/n 
such that M n C N n , for all n G Z r such that n* G C^. 

Proof. It is only necessary to use Proposition 12.41 with the finitely generated module 
M/N . There will exists a cone Cp where (M/iV)„ = for n* G (7g, and hence M„ C 

iVn- □ 

We say that a S-graded module M is Y -finitely graded if there exists a cone Cp C N r 
where M„ = for all n G Z r such that n* G Cg. We denote by T-fg(M) the greatest 
integer k > such that H l M (M) if T-finitely graded for all i < k, see |10j . 

Remark 2.6. Notice that in the standard graded case, i.e. r = 1, the definition of 
T-fg(M) coincides with the classical 

fg(M) = maxj/c > | H l M (M) is finitely graded for all i < k}. 

In this case a module is finitely graded if the pieces of degree n are for \n\ > uq, for 
some n G N, which is, in fact, a cone with vertex in no, so 

fg(M) = r-f g (M). 

From now on we assume that the ordering is almost- standard. By almost- standard 
multigraded (or Z r -graded) ring S we mean the multigraded ring with generators of 
multidegrees 

7l = ( 7l 1 ,0,...,0)=7i 1 ei 

7l = (0,...,0, 7 i,0,...,0) = 7^ 

7 r = (0, . . .,0,7;) = 7;e r 
with 7-[, . . . , 7^ > and e\, . . . ,e r the canonical basis of R r . Notice that in this case 
we have 

Cp = (P+(R>o) r )r)W 
for all (3 G II . Notice that the intersection of two cones is a cone: 

with 5 = (max{aj, $}; i — 1, ■ ■ • , r). 

An important point in the proof of the main proposition, is to assure that H^(M) 
is T-finitely graded for all k > in case that the module M is T-finitely graded as well. 
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For that reason we have to restrict the graduation to the almost-standard case. We 
prove that in the next proposition. 

Proposition 2.7. Let M be a finitely generated Z r -graded S -module. If M isT-finitely 
graded then if^(M) is also T-finitely graded for all k > 0. 

Proof. Since M is T-finitely graded, it means that there exist an element j3 G N r such 
that Mn = for all n G U with n* G Cp. We want to prove that iJ_^(M)„ = for 
n G TU with n* G Cp as well. 

Since Hj^(M) = T M (M) C M, then we have directly the claim for k = 0. Let us 
assume that k > 0. 

The ideal M, is generated by a system of generators of m, say hi, ■ ■ ■ , h v , and by g\, 
j — 1, ■ ■ ■ , Hi, % — 1, • • ■ , r. If we denote by fi, ■ ■ ■ , f a the above system of generators 
of Ai then the local cohomology modules H* M (M) are the cohomology modules of the 
Koszul complex 

IT 

0— >M — 0M /4 — > M /4/j — > -.U,,./. • -0. 

i=l l<«<i<o- 

The module H^M) is S'-graded: the grading is induced by the grading defined on 
the localizations M g , where g is an arbitrary product of k different generators of Ai. 
Given z = xj g 1 G M g we have 



deg(z) = deg Opj = deg(x) - t deg(g). 



If we assume that deg(z) = n with n* G Cp then there exist a vector e = (£!,...,£,.) G 
{— 1, +l} r such that e.n = j3 + GA with Aj G M>o- We denote here e.n for the termwise 
product of £ and n. So, 

n = £.(^ + GA). 

On the other hand we may assume, without loss of generality, that deg(g) = Gk with 
k = (ki, • • • , k w , 0, • • • ,0) with fcj ^ 0, % = 1, • • • , w. Hence we have 

deg(x(7 s ) = deg( 2 ) + (t + s) deg(g) =£.($ + GX) + {t+ s)Gk 

for all s > 0. 

We want to prove that deg(xg s )* G Cp, for some s > 0, so we have to assure that 
there exists \i G (M>o) T and r\ G { — 1, +l} r such that 

7].[e.((3 + GX) + (t+ s)Gk] = f3 + Gp. 
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For i = w + 1 • • • , r we have the equation 

rji Ei{f3i + Ai7-) = Pi + WYh 
we set r]i = Si and Hi = \ > 0. 

For z = 1, • • • , w we set rji = 1, and then we have to consider the equation 

+ AiTi) + (* + s)**7i = A + A*iTi- 

If £j = 1 then 

Hi = Aj + (£ + s)fcj > 0. 

If £j = — 1 then 

/i i = -2^-A i + (t + s)A; i >0 

Tl 

for an integer s ^> 0. 

We have proved that H k M (M)„ = for n G Z r with so H k M (M) is T-finitely 

graded. □ 

In the next result we relate the two integers attached to M studied in the paper, 
gdepth(M) and T-fg(M). The first part of the next result follows [IP] . Proposition 2.3. 
or [T2], Lemma 2.2. Since these papers use extensively results on Z-graded modules 
we will adapt them in the almost-standard multigraded case that we consider here. 



Theorem 2.8. Let M be a finitely generated S-graded module, then it holds 

T-fg(M) = gdepth(M). 

Proof. First we prove the inequality T-fg(M) < gdepth(M). If H l M (M) is T-finitely 
graded then there exists a cone Cp with vertex in some j3 G N r , such that H l M (M)n = 
for all neZ r with n* eCp. 

We have to prove that S ++ C rad(Anns(H z M (M))), i.e. for all generator x = 
g™ 1 ■ ■ ■ g™ r of S++, rrii G {1, • • • , /ij}, i = 1, • • • , r, we have to find a suitable a > such 
that for all n G Z r , x a H t M (M) 11 = 0. 

If n* G then H l M (M)n = 0, so for all a > it holds x a H l M (M)n = 0. 
We put a = 2 max{/3 1; ■ • • , /3 r }. Let us assume that n* ^ (7g. That means that, without 
loss of generality, that — < rii < fy, i = 1, . . . ,u, and |rij| > for z = it + 1, • ■ • , r. 
If we decompose x = z\z<i with z\ = g™ 1 ■ ■ ■ g™ u and z<i = g™^ 1 ■ ■ ■ g™ r , then 

(n + deg(*?))*eC £ , 

so zfHj^(M)n = 0. Furthermore 

x a i^(M)„ = 0. 
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Notice that a does not depends on n so we have proved that S ++ C 
rad(Anns(H l M (M))) , and hence 

r-fg(M) < gdepth(M). 

Now, we prove the other inequality, T-fg(M) > gdepth(M). 

If S ++ C rad(Anns(M)) then there exists oGN such that for all x G S ++ , x a M = 0. 
Since M is finitely generated, by Lemma 12.41 there exists a cone Cp C N r with vertex 
in some (3 G N r , such that M R = for all n* G Cp. Then by Proposition 12.71 for all i 
H l M (M) is r-finitely graded, so T-fg(M) = +oo >~gdepth(M). 

We can assume that S ++ <f_ rad(Anns(M)). Let Ass(M) = . . . ,p t } be the set 
of the associated prime ideals of M. Let us consider a minimal primary decomposition 
of G M 

o = jvi n • ■ • n n s n n s+1 n---nN t 

where Ass(M/Ni) = {pi}. We can assume that pi,...,p s do not contain S++, and 
p s+ i, ...,p t contain S ++ . 

Since the residue field of So is infinite there is an element z G S ++ such that z ^ 
Pi U ■ • ■ U p s . We will prove that (0 \m z) is a r-finitely graded S-module. 

Since z ^ p\ U • ■ ■ U p s , then (0 \m z ) C N\ D • • ■ fl iV,. In fact, since is a pj- 
primary submodule of M and z ^ pi, then (TVj :m ^) = iVi. This last equality is well 
known: let us assume that there exists x G (iVj \m z)\ N iy so 2;x G iVj. Since A^j 
is pj-primary z n G (A 7 , :^ M) C p« for some n > 0, so z G contradiction. Thus, 
(0 : M z) C (A"i : M z) = N t for all z = 1, . . . , s. 

On the other hand, by the definition of primary submodule, pi = rad((Ni :r M)) 
for all % — 1, . . . , t. In particular, for % — s + 1, . . . , t, since S ++ C Pi, there is an a G N 
such that S+ + M C Aj. Being M finitely generated, by Corollary 12. 5[ there exists a 
cone Cp C N r with vertex in some (5 G N r such that M R C (A 7 i )„ for all G (Tg. 

By combining these two facts we get 

(o -. M z) & c (TVi n • • • n jv, n a^ s+1 n • • • n jv t ) a = o 

for n* G Cyj, so (0 \m z) is T-finitely graded. Therefore, ^^((0 \m z)) is also T-finitely 
graded for alH > by Proposition 12.71 

Since r-fg((0 \m z )) = +oo, from the first part of the proof we get gdepth((0 \m 
z)) = +oo. Let us consider the exact sequence 
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Since T-fg((0 \m z)) = gdepth((0 :m z)) = +00 from the long exact sequence 
of local cohomology we deduce T-fg(M) = T-fg(M/(0 \u z )) and gdepth(M) = 
gdepth(M/(0 : M z)). On the other hand there exist b G N such that z b H l M (M) = for 
all i < gdepth(M). Hence we may assume that M is a S-module for which z G S ++ is 
a non-zero divisor and zH l M (M) = for all i < gdepth(M). 

We will show by induction on c that if < c < gdepth(M) then c < Tfg(M). The 
case c = is trivial. Let us assume that c > 0, and let us consider the degree zero 
exact sequence, r = deg(z), 

M 

— ► M(-r) M — > ► 0. 

v -' zM 

From the long exact sequence of local cohomology we get gdepth(M) — 1 < 
gdepth(M/zM), so 

< c - 1 < gdepth(M) - 1 < gdepth(M/zM). 

By induction on c we get c-1 < T-ig{M/zM). In particular H^ 2 (M/zM) is T-finitely 
graded. Let us consider the exact sequence on n, for n* G Cp, 

= H c M 2 (M/zM) R — H^\M) R _ r _ H C M \M) R . 

Since zH% l {M) = we deduce H C M \M) is T-finitely graded. Hence c < T-fg(M). □ 

It is an easy consequence, now, the invariance of T-fg under Veronese transforms: 

Corollary 2.9. Let S be an almost- standard graded ring such that So is the quotient 
of a regular ring. If M is a finitely generated S -graded module then for all a, b G N* r 
it holds 

r-fg(M fe ^) = T-fg(M). 
Proof. It follows immediately from Theorem 12.81 and Corollary 11.41 □ 

Definition 2.10. Let M be a finitely generated graded S -module. We denote by 

5 M ■ N* r x N* r — ► N 

the numerical function defined by 5a/ (a, b) = depth(M^'-)), a, b G N* r . We write 
8 m (a) = 5 M (a,0). 

Before studying the asymptotic depth of the Veronese of a module, we need a tech- 
nical proposition. The following result does not work on the more general multigraded 
case, so the restriction to the almost-standard case is necessary. 
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Proposition 2.11. Let C p C N r be a cone of vertex atpEW. For all neW,beZ r 
such that bi > if rii = 0, and a E W such that a.j > + bi)/^\, i = 1, . . . , r, we 
have that 

(Mn) + by eC t 

In particular, for all b> (3 and a E W such that <2j > (Pi + bi)j^\, i = 1, . . . ,r, we 
have that for all nEU 

(0«(n) + 6)* eC t 

Proof. For n £ Z r we have that 4> a (n) + b = (aini'-fl + bx, . . . , a T n T ^ r r + b r ) and hence, 
(<Pa(n) +k)* = (|aini7| + h\, \a r n r y r + b r \). 

We have to find conditions on a, b E N* r in order to assure that {(pain) +k)* E Cp for 
all n 6 Z r . So, we have to impose that for alH = 1, . . . , r, there exist some Aj G M>o 
such that \aiUiYi + bi\ — Pi + Aj7*. Since 7* G N*, then it is only necessary to assure 
that \aiUiYi +h\ > Pi for all % = 1, . . . , r. 

If Hi 7^ 0, since la^n^l + 6j| > | a, n^'yl ] — |6j| = In^a^? — bi, then we have to impose 
that 



which is equivalent to 



Hence we must impose that 



KK7I -h> Pi 
Pi + bi 



InA > 



GL; > 



Pi + bi 



Ti 

i — 1, ■ ■ • , r. If rij = then we have to impose 6j = > Pi, i — 1 ■ • • , r. 

The second part of the result follows from the first one. □ 



Now, we are ready to prove the theorem that assures constant depth for the (a,b)- 
Veronese in a region of N r x N r . 



Theorem 2.12. Let M be a finitely generated graded S -module and let s = vad(M^*'*') . 
Assume that So is the quotient of a regular ring. The numerical function 5m is asymp- 
totically constant: there exists P E W such that for all b> P and for all a E W such 
that a; > (Pi + bi)/Yi it holds 

S M (a,b) = s. 
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Proof. We put s = vad(M^), thus 

r-fg(M) = gdepth(M) = gdepth(M fey ) > s 

by Theorem 12.81 aud Corollary ll.4[ Since T-fg(M) > s there exist a a cone Cp C W, 
§_ G N r , such that H l M (M)n = for all n G 27 with n* G Cp and i = 0, . . . , s 

By Lemma [2. Ill for 6 > /3 and a G N r such that > + £>i)/7] for alH = 1, . . . , r, 
we have that (<f>a(Xk) + £)* ^ ^3 f° r an Q£ Hence, we get that for all n G Z r , 



In the next result we generalize [3], Proposition 2.1, to general Z-graded modules. 

Proposition 2.13. Let M be a finitely generated graded S -module. Let us assume that 
S is X-graded and that Sq is the quotient of a regular ring. The numerical function 8m 
is asymptotically constant: there exist s(M) G N and a G N such that for all a > a it 
holds 

5 M (a) = s{M). 

Proof. If s = s(M) = vad(M^) then 

T-fg(M) = gdepth(M) = gdepth(M (a) ) > s 

by Theorem 12.81 and Corollary 11.41 Since T-fg(M) > s there exist an integer f3 G N, 
such that H l M (M) n = for all n G N with \n\ > (3 and % = 0, . . . , s — 1. From the first 
part of Proposition 12.111 for all a > cti = /3/jl we have that 




for i — 0, . . . , s — 1. Therefore, 



depths, (M^)) > s, 



and by the definition of s we get the claim. 



□ 




H l M (M) 



an 











for i — 0, . . . , s — 1. So, we have proved that 
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for % — 0, . . . , s — 1. Therefore, 

depth M(a) (M (a) ) > s, 

and by the definition of s we get the claim. □ 

Corollary 2.14 ([3], Proposition 2.1). Let R be a Noetherian local ring quotient of a 
regular ring. Let I C R be an ideal. Then the depth oflZ(I)^ is constant for a 3> 0. 

For the multigraded Rees algebra, the best approach to the solution of the problem 
is the following proposition. 

Proposition 2.15. If R is the quotient of a regular ring, there exist an integer s and 
(3 G N r such that for all b> (3 and a> (3 + b it holds 

de P th A , (a) ((/ 1 61 • • ■ i?)k{i?, ■ ■ ■ , r/)) = s. 

Proof. Notice that, since the Rees algebra Tl(Ii, ■ ■ ■ ,I r ) is standard multigraded, 

n{h, • • • , i r ) { ^ = (ii 1 ■ ■ ■ i b /)R{n\ • • • , jd, 

with a — (ai, . . . , a r ) and b — (pi, . . . , b r ). Now, from Theorem 12.121 we get the claim. 

□ 

See [9] and its reference list for more results on the Cohen- Macaulay and Gorenstein 
property of the multigraded Rees algebras. 
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